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Abstrat
Vorties are srew phase disloations assoiated with helioidal
wave-fronts. In nonlinear optis, vorties arise as singular solutions
to the phase-intensity equations of geometri optis. They exist for a
general lass of nonlinear response funtions. In this sense, vorties
possess a universal harater. Analysis of geometri optis equations
on the hodograph plane leads to deformed vortex type solutions that
are sensitive to the form of the nonlinearity. The ase of a Kerr type
nonlinear response is disussed as a spei example.
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1 Introdution
Vorties are fundamental physial objets. They appear in many dierent
ontexts: from uid mehanis to nonlinear optis, from superuidity to
Bose-Einstein ondensation [1, 2, 3, 4℄. In 1974, J.F. Nye and M. Berry
introdued the onept of phase disloation obtained by interferene of quasi-
monohromati wave trains [5℄. In optis, suh phase singularities are alled
optial vorties and, as suggested by Coullet et al. [6℄, orrespond to a state
analog to vorties in superuidity. Vortex solitons in Kerr media have been
numerially predited and experimentally observed by Swartzlander and Law
in 1992 [7℄.
The disovery of vortex solitons immediately attrated great interest giv-
ing birth to a new branh on modern optis referred to as nonlinear singular
optis [2℄. Reent developments, in this eld, onern the stabilization of
optial vorties by propagation in nonloal nonlinear media [8, 9℄.
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In the linear theory, phase disloations result from an interferene phe-
nomenon and, onsequently, are not observable in the geometri optis limit.
The situation is ompletely dierent in nonlinear regime where the geometri
optis limit does not exlude the existene of phase disloations.
In the present Letter, we are interested in the study of possible new
singular phase solutions arising in nonlinear geometri optis. Phase dislo-
ations assoiated with suh solutions have a purely geometri nature and
their properties are sensitive to the form of the nonlinear optial response.
We emphasize that the analysis of the long wave limit is also important
for the study of the full dispersive regime. New singular phase solutions in
nonlinear geometri optis an be used in the onstrution of a nontrivial
ansatz for solving the nonlinear wave equation via, for instane, variational
or numerial methods.
The Letter is organized as follows: in setion 2, we derive the phase-
intensity equations for a monohromati light beam propagating in a generi
nonlinear medium. We ompute the standard vortex (SV) assoiated with a
helioidal wave-front and disuss its universal harater. In setion 3, a brief
review of the hodograph method is presented. In setion 4, we ompute,
using the hodograph method, a new family of singular phase solutions for a
Kerr type nonlinear response. We all suh solutions hodographi vorties.
Hodographi vorties turn out to be a geometri deformation of the SVs.
2 Standard vortex
Let us onsider a stationary paraxial light beam propagating through a
weakly nonlinear medium of refrative index n2(I) = n2
0
+ α2n2
1
(I), where
I = |E|2 is the intensity of the eletri eld. We assume n2
1
(I) to be a
monotoni inreasing funtion of the intensity, vanishing at I = 0. The on-
stant n0 is the value of the refrative index in absene of eletri eld. The
weakly nonlinear regime is speied by the maximal value of the intensity
Imax suh that the nonlinearity ats as a small perturbation of the bak-
ground refrative index. Suh a perturbation is haraterized by the small
parameter α2 = (n2(Imax) − n20)/n20 assoiated with the maximal variation
of the refrative index indued by the eletri eld. Slow modulations of the
eletri eld, propagating along the spatial diretion z, are desribed by the
following nonlinear Shrödinger (NLS) type equation
2ik
∂A
∂Z
+
∂2A
∂X2
+
∂2A
∂Y 2
+ k0n
2
1(|A|2)A = 0, (1)
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where A = A(X,Y,Z) is the envelope of a linearly polarized eletri eld
E = A exp i(Z/α2 − ωt), k0 = ω/c (c ≡ light speed) and k = k0n0.
For our purposes, it is onvenient resaling the equation (1) to the dimen-
sionless form.
Let us s0 be the typial spot-size, Ld = ks
2
0
the diration length and
Lnl = 1/(k0n
2
1
(Imax)) the nonlinear length. Introduing the dimensionless
variables x = X/(
√
2s0), y = Y/(
√
2s0), z = Z/(2
√
LnlLd), ψ = A/
√
Imax,
and the quantity η = n2
1
Lnl/n0, the NLS equation (1) takes the following
standard form
iǫψz +
ǫ2
2
∇2ψ + η(|ψ|2)ψ = 0, (2)
where ǫ =
√
Lnl/Ld, the subsript denotes the partial dierentiation and
∇ = (∂x, ∂y). Low dispersion/nonlinear geometri optis limit is obtained
assuming the diration length Ld to be muh larger than the nonlinear
length Lnl, i.e. ǫ≪ 1. We perform this limit in a standard fashion, looking
for high osillating solutions of the form ψ = φ exp(iS/ǫ). Introduing the
slow variables u = |φ|2, v = Sx and w = Sy (note that by denition vy = wx)
it is straightforward to show that, in the limit ǫ → 0, Eq. (2) is equivalent
to the following dispersionless NLS type equation
uz + (uv)x + (uw)y = 0 (3a)
vz + vvx + wvy − ηx = 0 (3b)
wz + wwy + vwx − ηy = 0. (3)
We refer to the monotoni funtion η(u) as intensity law. We point out
that, in paraxial approximation, Eq. (3a) is nothing but the Poynting vetor
onservation law and the equations (3b-3) are equivalent to the eikonal
equation.
Let us look for stationary solutions to the system of Eqs. (3) suh that
S = z + F (x, y) and u = u(x, y). Note that the funtions v = Fx and
w = Fy are the transverse omponents of the gradient vetor (v,w, 1) whih is
orthogonal to the wavefront (x, y, F (x, y)). In terms of the funtion F (x, y),
Eqs. (3) are equivalent to the following equations
F 2x + F
2
y = 2η(u) (4a)
u(Fxx + Fyy) + uxFx + uyFy = 0. (4b)
This system of equations is known in uid dynamis as a model for the
two-dimensional steady, adiabati irrotational ompressible ow. Funtion
F plays the role of the potential veloity and u the density of the uid.
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Looking at u as a funtion of η (this an always be done due the monotoniity
of the intensity law), and using the Eq. (4a) into the Eq. (4b), we get the
quasilinear equation of the form
AFxx +BFyy + 2CFxy = 0, (5)
where A = JF 2x + 1, B = JF
2
y + 1, C = JFxFy and J = d(log u(η))/dη.
The seond order equation (5) is said to be ellipti if its disriminant ∆ =
AB − C2 = 4Jη + 1 is stritly positive. The elliptiity ondition ∆ >
0 is uniformly (i.e. for any solution) satised for few physially relevant
intensity laws. Important examples are the foussing Kerr-type (u = ηγ)
and logarithmi saturable (η = log(1 + u)) nonlinear responses. For this
reason, in the following, we restrit ourselves to the study of the ellipti ase
only.
It was observed in Ref. [10℄, that, if the funtion F is harmoni, the
orresponding wave-front is a harmoni minimal surfae. Indeed, provided F
to satisfy the Laplae equation Fxx+Fyy = 0, then F solves the equation (5)
for any J , and onsequently for any funtion u(η), if and only if it is a solution
to the minimal surfaes equation
(1 + F 2y )Fxx + (1 + F
2
x )Fyy − 2FxFyFxy = 0. (6)
Moreover, it an be proved that the only harmoni minimal surfae of the
form (x, y, F (x, y)) is the helioid (x, y, arctan(x/y)) [11℄. This singular
wave-front is the SV assoiated with srew type phase disloations [5℄. How-
ever, in nonlinear geometri optis, SVs have a purely geometri origin sine
they do not result from an interferene phenomenon. We emphasize their
`universal' harater due to the fat that SVs are solutions to the system of
Eqs. (4) for an arbitrary monotoni intensity law.
In the following, we onstrut hodographi vorties as a family of vortex-
type solutions to Eqs. (4). Unlike the SVs, hodographi vorties are not
universal in the sense speied above. In fat, their geometri struture
turns out to be depending on the spei form of the nonlinear response.
3 Hodograph Method
The system of Eqs. (4) an be linearized by a hodograph transformation.
The hodograph method is widely used in uid dynamis for the study of two
dimensional ompressible ows [12℄.
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Let us introdue the stream funtion ϕ via equations
uv = ϕy, uw = −ϕx, (7)
where v = Fx and w = Fy. Using Eqs. (7) into the identity vy = wx, one
gets the following equation for ϕ:
u(ϕxx + ϕyy)− uxϕx − uyϕy = 0. (8)
Let us introdue polar oordinates v = p cos θ, w = p sin θ and suppose that
the hodograph transformation x = x(p, θ), y = y(p, θ) exists. Expanding the
total dierentials dx(p, θ), dy(p, θ) and dF (x(p, θ), y(p, θ)), dϕ(x(p, θ), y(p, θ)),
we obtain the following set of equations
xp =
cos θ
p
Fp − sin θ
up
ϕp, xθ =
cos θ
p
Fθ − sin θ
up
ϕθ,
yp =
sin θ
p
Fp +
cos θ
up
ϕp, yθ =
sin θ
p
Fθ +
cos θ
up
ϕθ.
(9)
The system of Eqs. (9) is over-determined and its ompatibility onditions
xpθ = xθp and ypθ = yθp lead to the following equations relating F and ϕ
Fθ =
p
u
ϕp, Fp = p
∂
∂p
(
1
up
)
ϕθ. (10)
The system of Eqs. (10) is also over-determined and it is ompatible if and
only if Fpθ = Fθp, i.e.
∂
∂p
(p
u
ϕp
)
= p
∂
∂p
(
1
up
)
ϕθθ. (11)
Introduing the variable σ =
∫ p
0
u/p′ dp′, Eq. (11) redues to the following
generalized Triomi equation
ϕσσ +K (σ)ϕθθ = 0, (12)
where K (σ) = −p ∂
∂σ
(
1
up
)
. In the derivation of Eq. (12), it is ruial that
u = u(η) = u(p2/2) does not depend on the variable θ.
4 Solution for a Kerr-type nonlinear response
A foussing Kerr-type medium is speied by the intensity law of the form
u = c0(2η)
γ
, where c0 and γ are ertain positive onstants. In this ase, we
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have σ = c0p
2γ/(2γ) and u = c0p
2γ
. Hene, the generalized Triomi equation
redues to the ellipti equation of the form
ϕσσ +
γ˜
σ2
ϕθθ = 0, (13)
where γ˜ = (2γ + 1) /
(
4γ2
)
. It is a priori not obvious that the exponent of
σ in Eq. (13) does not depend on γ.
Equation (13) admits the following separable variables solution
ϕ =
(
c0
2γ
)α
cos λθ p2γα (14)
where α = (1 +
√
1 + 4γ˜λ2)/2 is a positive real parameter and λ is the
separation of variables onstant and plays the role of a geometri deformation
parameter. Integration of Eqs. (10) gives
F = α
(
c0
2γ
) α˜
2γ sinλθ
λ
pα˜, (15)
where α˜ = 2γ(α − 1).
Assuming λ2 6= 1 and integrating Eqs. (9), we obtain
x =
(
c0
2γ
) α˜
2γ
A(θ) pβ, y =
(
c0
2γ
) α˜
2γ
B(θ) pβ, (16)
where
A(θ) = − 1
β
[
α sin θ cos λθ − 1 + 2γ
2γ
λ cos θ sinλθ
]
B(θ) =
1
β
[
α cos θ cos λθ +
1 + 2γ
2γ
λ sin θ sinλθ
]
,
and β = 2γ(α− 1)− 1.
Let us assume that |λ| < 1. In this ase, it is β < 0 and the formula (16)
implies that p→∞ as (x, y)→ (0, 0). Consequently, the intensity u = c0p2γ
is divergent at the origin. From the formula (15) it follows that the phase
S = z + F (x, y) is also divergent at the origin if λ 6= 0.
We point out that the solution (15) is a deformation of the SV. Indeed,
we have
lim
λ→0
F = θ = arctan (x/y) ,
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On the hodograph plane, the unit vetor n = grad S/|grad S| normal to the
wave front takes the following remarkably simple form(
p√
1 + p2
cos θ,
p√
1 + p2
sin θ,
1√
1 + p2
)
. (17)
Near the origin (i.e. p → ∞), we have n ∼ (cos θ, sin θ, 0). Then, the unit
vetor normal to the wave front is ompletely undetermined. Nevertheless,
at the point (x, y) = (0, 0) the phase (15) is undetermined only for λ = 0.
We all hodographi vortex a solution possessing a point of divergent phase
where the unit vetor normal to the wave-front is ompletely undetermined.
From a physial point of view, approahing the origin, the eletri eld de-
velops very strong osillations even for very small λs. Moreover, sine the
intensity diverges at the origin, the z−axis is a austis. Despite the linear
regime, where austis and disloation lines are omplementary eets [5℄,
in nonlinear geometri optis, vorties generate austis. Approahing aus-
tis, geometri optis approximation fails and the wave orretions beome
important.
Note also that the phase assoiated with hodographi vorties depends
on the nonlinearity strength γ. This means that hodographi vorties are
sensitive to the form of the nonlinearity.
5 Conlusions
Hodographi vorties arise in nonlinear geometri optis as deformation of
SVs. Unlike SVs, the refrative index distribution indued by a hodographi
vortex is sensitive to the form of the nonlinearity.
Intriguing features of hodographi vorties stimulate the investigation of
further signiant solutions to the equation (13). Moreover, the study of
other physially relevant nonlinear responses will also be of interest.
We nally stress that srew type vortex solutions studied above arise
from the analysis of a partiular (stationary) redution of the dispersionless
NLS type equation (3). In general, one an onstrut an innite family of
redutions that are integrable via the hodograph method. Edge and edge-
srew type phase disloations are expeted to be assoiated with suh non
stationary redutions.
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